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Abstract
Two disjoint subsets A and B of a vertex set V of a ¯nite graph
G are called disconnected if there is no edge between A and B.I fV
is the set of words of length n over an alphabet f1;:::;qgand if two
words are adjacent whenever their Hamming distance is not equal to
a¯ x e d±2f 1 ;:::;ng, then a pair of disconnected sets becomes an
equidistant code pair.
For disconnected sets A and B we will give a bound for jAj¢j B j
in terms of the eigenvalues of a matrix associated with G. In case
the complement of G is given by a relation of an association scheme
the bound takes an easy form, which applied to the Hamming scheme
leads to a bound for equidistant code pairs. The bound turns out to
be sharp for some values of q, n and ±,a n df o rq!1for any ¯xed n
and ±. In addition, our bound reproves some old results of Ahlswede
and others, such as the maximal value of jAj¢jBjfor equidistant code
pairs A ans B in the binary Hamming Scheme.
1 Introduction
Throughout G is a ¯nite graph with vertex set V . Two disjoint subsets A
and B of V are disconnected i ft h e r ei sn oe d g eb e t w e e nAand B. We de¯ne
©(G)t ob et h em a x i m u mo f
q
j A j¢j Bjfor disconnected sets A and B in G.
Suppose V is the set of words of length n over an alphabet f1;:::;qg and
de¯ne two words adjacent if their Hamming distance (i.e. the number of
coordinates in which they di®er) is not equal to a ¯xed ± 2f 1 ;:::;ng.T h e n
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The quantity ©(G) has an application in information theory and leads
to a lower bound for the two-way communication complexity of functions
de¯ned on V £V that are constant over the non-edges of G. About ten years
ago this application caused some activity in the study of equidistant code
pairs. The best result is due to Ahlswede [1], who gives the exact value of
©(G)f o rq=2 ,4a n d5 ,f o re v e r y±and n.
In this paper we will give a bound for ©(G) in terms of eigenvalues of
a matrices associated with G. In case the complement of G is given by
a relation of an association scheme the bound takes an easy form, which
applied to the Hamming scheme leads to a bound for equidistant code pairs.
This bound is not as accurate as Ahlswede's result, but it is more general
and it turns out to be sharp for some values of q, n and ±,a n df o rq!1
for any ¯xed n and ±.
2 Disconnected vertex sets
Let V = f1;:::;vg. We de¯ne M(G) to be the collection of symmetric v£v
matrices M with all row and column sums equal to 1, such that (M)i;j =0i f
iand j are distinct non-adjacent vertices of G.L e t¸ 1 ( M ) ;:::;¸ v(M)d e n o t e
the eigenvalues of a matrix M 2M ( G ), such that ¸1(M) has eigenvector 1
(the all-one vector), so ¸1(M)=1 .P u t
¸ ( M)=m a x
i 6 =1
j¸i(M)j:
Lemma 2.1 If A and B are disconnected vertex sets of G and M 2M ( G ) ,
then
jAj¢j Bj
( v¡j Aj )(v ¡j Bj )
·¸
2( M) :
Proof. See [7] Theorem 2.1, or [11] Lemma 6.1. 2
































takeM0 2M 0 (G).ThenclearlyPgM0P>
g 2M 0 (G)and,byRayleigh's
principle,ju>PgM0P >





































ThenM2M(G)and¸(M)=(¹ v¡¹ 2)=(¹ v+¹ 2),whichyieldstheinequal-
ity.
SupposeGhasanautomorphismgroupwhichactstransitivelyonthe
edges.Then,byLemma2.3thereexistsamatrixM0 2M 0 (G)suchthat
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Equality holds if the automorphism group of S acts transitively on each rela-
tion.
Proof. Let A0;:::;A n (with A0 = I) be the adjacency matices of S and let
E0;:::;E n (with vE0 = J, the all-one matrix) be the minimal idempotents.




Qi;jAi; for j =0 ;:::;n:
So v(Ej)k;l = Q±;j whenever fk;lg2R ±. De¯ne P± = fjj1 · j · n; Q±;j >
0g, m =
P








Then, since Ej1 =0for j 6= 0 one readily veri¯es that M 2M ( G ± ).
Moreover
P
j2P± Ej has only 0 and 1 as eigenvalues. This implies that
¸i(M)=§
1
2 m for i 6=1 ,s o¸ ( M)=
1

















and the required inequality follows.
Next assume that S admits an automorphism group which is transitive on
each relation. Then by Lemma 2.3 there exists a matrix M0 2M 0( G ±)w h i c h
is a linear combination of A0;:::;A n,t h a ti s ,M 0is in the Bose-Messner
algebra of S.L e t ¸ j 0 ( M 0 ) denote the eigenvalue of M0 whose eigenspace
is given by Ej. We claim that we may assume that ¸j0(M0)=¸ ( M 0 )i f
Q ±;j · 0. Indeed, suppose this is not the case, then de¯ne d = ¸(M0) ¡
¸j0(M0), m =1¡dQ±;j and M00 =
1
m(M0 + d(Ej ¡ Q±;jE0)). It follows that
M00 2M ( G ±), m ¸ 1a n d¸ j 0( M 00)=¸ ( M 00)=
1
m¸ ( M 0)·¸ ( M 0). So we can
rede¯ne M0 = M00, which proves the claim. Similarly, we may assume that

















































xi =1ifi>± 0,andletBconsistofthewords(x1;:::;x n)with
q
2 <x i·qif
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